Multipath Propagation |1

Properties of the signal envelope

Before we can derive properties of the Rayleigh-fading enveloper , withr 2 = 12 + Q2, we need
to express correlation functions of the inphase and quadrature components | (t) andQ (t) . Rice
derived the autocorrelation g (t) defined as

g(t) ="EI() I(t+t) ="EQ(Y) Q(t+1)

= O S(f)cos2p (f—f,) tdf
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with S(f) the power spectral density of the RF-signal. In the special case of uniform angles of

arrival, the cross correlation h (t) , with

h(t) ="EI() Q(t+t) = -EQ() I(t+1)

= O S(f)sin2p (f—f ) tdf
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isidentical to zero for E,, HxandHy. The behavior of the correlationsat t = O can be obtained

from the moments of the power spectrum

'C ' 'D

b, = (2p)" O S(f) (f-f,) "df.
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For E,, one finds bn = 0O for nisodd and

(n=1)N
n!

b, = b, (2pfy)"
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where (n—1)!! = 1x3x5%(n-1)! forn iseven. Inparticular b, = 1.5p = TO with p the

local-mean power for an isotropic antenna. Hence,

EIZ = 'EQ2 = g(0) = b,

1 dI 1
Ea| = g(O) =0

1 @Ibz n
Eegie = 0 (0) = b,

The autocorrelation g (t) isg(t) = b J, (2pfyt) with J  the Bessel function of zero orderf ].

Davenport and Root [ ] expressed the autocorrelation of the envelope in terms of a hypergeomet-
ric function, namely

R (1) = gbop[_;, _;;1;92<t>b+2h2(t)}

192 (t
For h(t) © O, afirst order expansion of F intermsof g (t) gives R, (t) » g[bﬁng#} :
(0]
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Exercise Verify that this approximation gives 'Er 2 (0) » @p b, whichisvery closeto theo-

retica 2bo.

pb
Removing the mean amplitude 'Er = J TO the autovariance is found as

C. (t) = R (t) —'Er where, for the field components



p

E, C, (1) = ghd2(2pfpt)
: p

H..: C (1) = §boH [J, (2pfpt) +J,(2pf,t)] 2
: . p

Hy- C (1) = éboH [J, (2pfpt) —J, (2pfpt)] 2
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with b, the local-mean output power of a (magnetic) loop antenna éb, = 5 =50

The power spectral density S (f) of the envelope is found from the Fourier transform

S (f) = gbo OR. (t)'ei2rftdt
—¥

¥
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» ?bodl’ (f) + a@, S(gz (t) + hZ (t)) e szftdt

Expressing the autocorrelation g (t) andh (t) of the inphase and quadrature componentsin terms

of the power spectral density S(f) of thereceived signal, wefind [Jakes] for positive frequencies

(OEfE2f )

'‘c''m

TN
s (f) = gbod(f)+mb—o O S()S(x+f)dx

f—f,

C

It follows that the spectrum of the envel ope contains frequencies up to twice the maximum Dop-
pler shift. A mathematical explanation of thisisthe convolution in frequency domain resulting
from the squaring-operation in expression () for the autocorrelation of the envelope.

Exercise Draw a phasor diagram of two interfering waves. Show how the phase and ampli-

tude of the phasor sum can change rapidly even for modest changes of the individ-



ual components.

For the electric field component 'E,, the spectrum of the envelopeis

By ml mf a2
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S (0 = gpr Ke [1-eatro o

with K the eliptic integral of the first kind withK (m) = O(1—t2) Y2 (1—mt2) -1/2dt [].

0

Exercise If @ dominant wave arrives from angle a , the received signal power spectrum is

S(f) = §,(f) +Bd(f-f.—fycosa ) . Find the spectrum of the resulting enve-

lope. Explain why the new spectrum is still band limited to 2f, but contains dis-
continuities or peaks at f, + f;cosa; .

Derivatives of amplitude and phase

In a Rician-fading channel with zero line-of-sight amplitude (c, = 0) , the inphase and quadra-

ture component and their derivatives are zero-mean jointly Gaussian. The covariance matrix of
Ioa Qoa I'Oa andQO IS

b, 0 0 b

0 b, —b, 0
Cc =

0-b, b, 0]
b, 0 0 b,

where b isthe nth moment of the Doppler spectrum of the scattered power. The determinant of

this matrix is (b b, —b2) 2,

Exercise Find the inverse of ¢ and givethejoint pdf of |, Q, I, andQo.



Rice[ ] expressed the pdf of r, r, gandq by transformation of random variables. For aRician-

fading signal with nonzero line-of-sight component, thuswith ¢ * 0, one can write

|, = rcosq—c,

Q, = rsing

r cosq—r gsing

lo

andQo = rsing+rqcosq

Hence, dI dQ,dl,dQo = r2dr dr dgdq. After some algebraic operation, thisleads to

2 0 r2 1 b (122
er,r,q,qe = 4p(bob2—b21)eXp_{m[ ,(re=2cr cosq

.2 .20 . & . . 0]
+Q?) +ber +r2q g—2b;r2q+2b,cersing+r qcosqg] }
This general result isrelevant to a number of more specific properties to be derived later.

& .o :
Exercise Find fer, r g for Rayleigh-fading (c, = 0) . Givean intuitive explanation why r

isnormal. Find thevarianceof r .

Threshold crossing rate
The level crossing rate M, is defined as the expected number of times that the envelope r

crossesin positive direction aparticular level r | during one second. Given aparticular derivative

. & 0 _ .
I oer o > Og of the envelope, the duration Dt of atransition throughtheranger (£r £r  +Dr

. Dr . . : :
is Dt = — . The conditional expectation of the number of crossings per second is
lo



. . 1 P2 .0
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Averagingthisover r ,wefindtheresult M, = (Ff ST, f'ogdr whichwasfirst used by Rice
o 0 r,r
[]. Forourcaseb, = 0, thejoint pdf of the amplitude and phase and corresponding derivatives

is
& 0 r2 1§2+r2+r2q29
1999 = 2575 b,P| 72é6, b, " B, @

. : o] :
Unconditioning on q (0 < g < 2p) andge—¥ < (< ¥ g showsthat, for Rayleigh-fading, r is

zero-mean Gaussian with varianceb, = 2p2f2b_ independent of r . Thefade margin h is

1
defined astheratio of thelocal mean power b, and the power 5r 2 corresponding to the threshold

2b,
ry,thush = — and
rO

J2f,

1a—1/h
ﬁ € .

M =

Morein general, for Rician fading, the level crossing rate becomes [Rice, ‘45]

M, = ol ool (r )



where b isthe nth moment of the Doppler spectrum of the scattered power only.

Exercise Assume Rician fading with k»0, so r»c +lI. Show that
b, 1 (r-cy)2d

1
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In interference-limited nets, the Rayleigh-fading wanted signal often experiences interference

from multiple, say n, i.i.d. Rayleigh-fading other signals. Therate of crossing a C/I-threshold z is

p
addressed. Thelocal fade-margin h ish = — where p: isthe joint local-mean interference
Zpy

power p; = p1+ p2 + % + py. Assuming incoherent (power) cummulatiion of interference, the

joint interfering signal has a Nakagami envelope r ,, withr 2 = ar 2. Given the instantaneous
i=1

amplituder ,, 1, ¥%ar , the derivative r t is Gaussian with

. mo
-
=

If all interfering signals have the same Doppler spectrum, the variance of r tiss2 = 2p2f3b,.

& r2o
We now express the pdf of the signal-to-interference amplitude ratio ygy2 = r—cz’; and its deriva-
t
tivey in terms of the mutually independent pdfsof r , ro, r, andr .
Sincer , = ry,wefindro = yri+riy. So,
¥ ¥
& .0 _ xnx e, . 0 & 0.
fy yéyo’ Yog = OO t fr o(r ty) fr. eYr; +r Yo fr t(r t) fr.er tgdr tdr t
o0 o (o} t

Rayleigh WNakagami

Gaussian Gaussian



After some algebraic manipulations, one finds the threshold crossing rate

e 15
Gen + 29 1

M = @fDmﬁ§_+mg

where G(n) = (n-1)! isthegammafunction. The factor

h
c = —[G(n)" »1+—1 +Y
e 15 8n
Gen+5g

2 _
varies between ¢ = Tp»1.13 forn=1andc 1lforn® ¥.

Exercise Show that for n® ¥ , thelevel crossing rate () is recovered.

Outage probability

An RF signal outage is the event that the signal-to-joint-interference ratio drops below minimum
required threshold during a short-term observation window T. The duration T is chosen such that
multiple interfering signals add incoherently, i.e., T is much larger that the coherence time of the
modulation. Also T is small compared to the effects of fading (Tf, « 1) . The probability that

the C/l-ratio is above the threshold zis
ng" O 5¢ f(x)dyd
1 —_ > - :
&p, ~ % = 0 0p, T, (x)dydx
0— zZX
¥

= OFp, (29 f, (x) dx

For a Rayleigh-fading wanted signal, the (cumulative) distribution is the exponential function

& xz0
expg—:=zz . S0, the expression can be interpreted as the L aplace Transform of the pdf of joint
e Pyo
interference power. For ni.i.d. incoherently cumulating Rayleigh-fading signals each with local-

mean power p, we find



Exercise Study the special casesn = 1 and n = ¥ . Explain why the distribution of p, is
1
recovered for n® ¥ . For decreasing fade margins R® ¥, the probability of
successful reception vanishesslowly if n = 1 but rapidly if n® ¥ . Why?

Average (non-) fade duration

The probability of asignal outage (C/I < z) should be equal to the threshold crossing rate multi-
plied by the average duration of afade. Hence, for awanted Rayleigh-fading signal in the pres-

ence of Nakagami interference, the average nonfade duration tmE is

PerCs 52
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and the average fade duration is

1 e 1o JhG(n)
tF_mﬁ[ﬁ+mg_lJ—"
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Exercise Show that for the event of a noise-limited channel with minimum required signal
owerp. tne = —L and tr = [exp (h) —1] M ithh = 20
p pm; NF — @fD F = p @fD - pm



